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At present time grinding operations for rolling mills rolls, providing the final quality parameters, are the most la-
bour-intensive ones. It is caused first of all via their complex stochastic nature, which leads to a spread of quality 
indicators, lowering of reliability, productivity and efficiency of technological process. Development of the dynamic 
process models which can adequately describe the changes occurring in the technological system is considered as 
one of the ways for solving these problems. The models allowing to assess the influence of random components of 
the tool profile deviations as factors disturbing the grinding process dynamics are presented in the article. This as-
sessment makes it possible to select the dynamic system parameters (such as mass, damping and stiffness) in order 
to ensure the maximal possible tool life, the permissible spread of the product quality parameters, as well as the 
maximal efficiency and productivity of the operation.
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Introduction

Production facilities in sheet rolling shops at metallurgi-
cal works are characterized by strict requirements to rolling 
mills rolls not only in their processing accuracy, but also in 
surface cleanness. The quality parameters are finally forming 
during grinding operations, which are the most responsible 
in the technological process. The part of cost expenditures 
for these operations makes 19–27 % in average from the total 
cost of manufacturing components [1].

Grinding processes have complex stochastic nature [2], 
which leads to a spread of product quality indicators, reduced 
reliability, productivity and efficiency of the process.

Band surface roughness decreases with improvement of 
surface cleanness of rolling rolls in cold rolling. So, tinplate 
quality improves and tin consumption decreased by 4.2 % 
during tin-ning when surface roughness of rolling rolls 
in tinplate production lowers from Ra = 1.6 − 1.25 µm to  
Ra = 0.1 − 0.05 µm. Such roughness decrease of rolls surface 
leads to rise of their resistance by 20 % [2]. 

The rolls of cold rolling mills are usually subjected to 
grinding in special circular grinding machines which can’t 
provide always required accuracy and surface roughness. 
Dispersion of quality parameters is caused by wear of abrasive 
tools and leads to lowering of resource of the components [3]. 
Multiple previous researches were devoted to development 
of dynamic models for various abrasive processing processes 
[4–16], however, they don’t take into account the stochastic 
nature of this process.

The aim of this work is quality improvement of grinded 
surfaces of cold rolling rolls due to taking into account fluc-
tuation effects on the process of circular external grinding. 
Corresponding mathematical models are required for this 
purpose.

Mathematical simulation

The process of circular external grinding can be presented 
as the equivalent scheme of the dynamic system of interac-
tion between grinding wheel and billet (Fig. 1).

The following system of equations was obtained based on 
the D’Alembert principle:
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where m1, m2 — deduced masses of billet and grinding 
wheel respectively; hi — damping coefficient; ci — stiffness;  
x1 and x2 — coordinates of tool and billet centers respectively; 
S – distance passed by tool during time t; tƒ – actual cutting 
depth which is determined by the relationship (see Fig. 1):

f
t R r L,= + -

where R = R0 + ∆R — grinding wheel radius; R0 — its initial 
value; ∆R — wear value taking into account deviations of tool 
shape; r = r0 + ∆r — current billet radius; r0 — billet radius 
before grinding; ∆r — material removal; L = L0 + ∆L = L0 + 
+ x2 − x1 — center-to-center distance.

Taking into account the obtained determination of tƒ and 
its components, the system of equations (1) is expressed as:
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Initial vector R(γ, x, τ)τ=0 and wheel wear 
value ∆R(γ, x, τ) include regular and random components 
of deviations from their average values. A radius of average 
periphery at distance  x from a basic plane R0(x, τ) at the 
initial moment τ = 0 is a random initial parameter of ampli-
tude, and phases of p harmonics at the moment τ for each x 
characterize non-random realization of a random function 
of a grinding wheel surface.

Taking into account the above-mentioned conclusions, 
we can present the expression (4) in the following form:

or

Where the current angle 
t

k dγ = γ + ω τ τ∫0
0

( )  is deter-

mined by the expression( γ0 – initial angle, ωk (τ) – angular 
speed of tool rotation). 

As soon as tool operation time increases, its radius de-
creases due to wear:

R(γ, x, τ) = R(γ, x, τ)τ=0 – ∆R(γ, x, τ).	 (8)

Wear value for tool working surface depends on intensity of 
its surface wear SR (γ, x, τ):
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Let’s indicate y1 = x1, y2 =y x , y y x , y x ,= = = =1 1 2 1 1 3 2

y y x= =4 3 2 and present the system of equations (2) in 
Cauchy normal form [7]:
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The obtained dynamic description differs from other 
known descriptions which are characterized by presence of 
shape variations of wheel and billet, having almost periodical 
type and generating internal inducing forces. 

To describe deviations of a grinding wheel shape, let’s use 
factorization of expression describing wheel radius-vector 
into Fourier series, taking into account its deviations from 
the average value (by the angle γ) R0(x, τ) = M {R(γ, x, τ)}γ:

Components of sums in the equation (4) are considered 
as harmonics of spectral presentation of deviation, which 
is characterized by the complex of amplitudes ARi(x, τ) and 
phases Ψi(x, τ) or pair of amplitudes for sine (URi (x, τ)) and 
cosine (WRi (x, τ)) for the components of each harmonic.

The following single-valued (within the range of angle 
variation 0 ≤ γ < 2π) relationships between parameters of these 
presentations for each fixed value i can be expressed as:
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a)                                                                                                                 b)
Fig. 1.	Dynamic scheme of interaction between grinding wheel and billet: a — at the initial time; b — during grinding
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Mathematical expectation of a random value of radial 
wear was calculated on the base of properties of linear ope- 
rators:

Let’s present wear rate as a functional of γ, conform to 
(4), (5):
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Taking into account the expression (9), as a result of 
integration we obtained a random function of tool radius  
wear (4):
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Integrals of random values USi and WSi will be the new 
random values U∆Ri and W∆Ri, which are also justified by the 
relationships like (9).

Substituting the obtained functions of the initial radius-
vector and wear values in the equation (8), we obtain the 
relationship for calculation of the current value of tool ra-
dius-vector:

The random components of i th and j th harmonics are 
remained here under the sum sign, their analysis is conduct-
ed similarly to analysis of other random deviations.

The equation (13) includes mathematical expectation 
of a random function distributed according to the Gauss’ 
law:
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Mathematical expectation of the second component is 
determined by the expression (10), mathematical expecta-
tion of the third and fourth components during whole num-
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ber of tool rotation periods are equal to zero, and mathe- 
matical expectation of the fifth component for the same con-
ditions, for the cases of uniform tool wear is also equal to 
zero. Based on this we can write down:
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Let’s divide the right part of the equation (13) to seve- 
ral independent complexes. The first complex (first and 
second components) determines the average radius-vector 
at the moment t. As soon as variation of radius-vector of a 
grinding wheel during its resistance period is small, it can’t 
influence on forming of random deviations of its shape.  
In this connection, the dispersion value for the first complex 
is determined as:
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Correlation functions of the second complex (third and 
fourth components) are calculated as mathematical expecta-
tion of centered values from arguments of γ1 and γ2:

Phase angles Ψj and Ψi are uniformly distributed within 
the interval from 0 to 2⋅π for the established process:
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The first component from the equation (16) for the con-
ditions (17) is expressed as:
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The last component from the equation (16) is determined 
in the same way for Ψi, which is not depended on τ:
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Mathematical expectations of the second and third com-
ponents of the equation (16) are determined via known cor-
relation functions, taking into account the relation between 
harmonic deviations in tool shape and its wear. 

Let’s consider several examples which are most often 
met in the practice. If the initial phase of wear harmonics Ψi 
does not depend on the initial phase Ψj, then mathematical 
expectations of the second and third components are equal 
to zero. Consequently
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For the case of the same frequencies which differ only by 
their phase, i. e. when i = j and Ψi = Ψj  + αΨ, we shall obtain:
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The last component of the equation (13) determines the 
components of the third complex (if the condition (17) is 
executed for each harmonics):
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The energetic spectrum, which is presented by the com-
ponents of the equation (21), is determined under the con-
ditions of the equation (17) and distribution of amplitudes  
Ak according to Relay law as follows:
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As soon as the examined complexes are independent, 
their correlation function is calculated as:

The obtained complexes for the above-mentioned con-
ditions allow to determine spectral density for each com-
ponent.

If we accept γ1 = γ2 in the equation (23), dispersion of a 
random value of working surface radius-vector can be deter-
mined in the following way:

The following relationship is suggested in the work [3] 
during analysis of random components of the equation (23) 
for the k th harmonic:
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where D0 — dispersion of heights of shape irregularities for 
a wheel of k th harmonic; αk — empiric coefficient, taking 
into account dispersion variation during the period of tool 
resistance. For the process of flat grinding the α value is usu-
ally less than zero. 

Based on the functions (23–25), their spectral images, 
which are determined by Fourier transformation, can be built.
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The operator (26) is linear for assistive correlation func-
tions, what allows to build component-by-component im-
ages of their spectra and to analyze the established reaction 
of the technological system (3) on separate fluctuation com-
ponents.

The spectral parameters of forced oscillations of a grinding 
wheel center are depended on influence of random process of 
tool shape deviation during its interaction with a billet in the 
pro-cess of technological grinding and are determined, e. g.,  
by the following relationship [20]:

where ( )TCW jω
2

 — squared module of transition function 
of dynamic parameters for a technological system; Sen(ω) — 
spectral image of tool shape deviation, determined as Fourier 
transformation for correlation functions which are built on 
the base of the equation (26).

Results

The obtained spectra characterize energy distribution 
for forced oscillations of the technological system, which 
is induced be grinding wheel shape deviations. These rela-
tionships make the base for synthesis of forming filters for 
automatic systems.

The obtained results also display that decrease of buck-
ling height can be practically achieved on a tool working sur-
face due to periodical varying of self oscillations frequency in 
the system “billet – centers”. In this case the waves formed 
on a wheel during oscillations period ТC (Fig. 2а), will be 
deleted in processing with increased period Т Т Т= + ∆′с с с .  
It is caused by the fact that billet strikes to top of the waves, 
not troughs, and destructs them gradually (Fig. 2b).

As a result, the appearance similar to wave “self cross-
cutting” takes place and the height of waves on the processing 
surface decreases (Fig. 3).

The value ∆Тc, which is required for calculation of oscilla-
tions period Тc’, is determined using analysis of the condition 
for providing minimal dispersion of the shape KR(γ1−γ2) (27);  
this value should be located within a quarter of oscillations 
period, i. e. 0 < Tc < Tc/4.

Maximal time interval between recurrent variations of 
the system self oscillations frequency depends on concrete 
processing conditions and is determined by critical allowable 
waves height on a wheel, which provides quality parameters 
of the processed components.

Experimental testing of the results

Experimental testing of the method was execut-
edon the machine tool of ZE153 model, during grinding 
of 45 steel ring with HRC hardness 50–55 and dimen-
sions D×d×h  =  40×25×15 mm. The wheel 1 400×40×127 
24А4ОНСТ26К was used, operation speed Vк = 35 m/s, prod-
uct speed Vu = 0.81 m/s, transversal feed Su = 0.8 mm/min.  
Allowance for processing made 0.8 mm and average grinding  

(26)

( ) ( ) ( )ex en TCS S W j ,ω = ω ⋅ ω
2

(27)

a)                                                                                                                 b)

Fig. 2.	The scheme of wave forming on billet surface during grinding, taking into account wheel wear during its operation period:  
a — oscillations of the system “Billet — centers”; b — tool wear scheme 

a)                                                                                                                 b)

Fig. 3.	Forming of buckling on the processing surface: a — for phase 0; b — for phase π (1, 2, 3.. — serial number  
of billet reverse side)
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time for one sample was 30 s. The rigid centered plug ( )e
d ≈ 3  

was used during processing. The period of self oscillations of 
the system “billet — centers” was measured via the standard 
technique [2] and made ТC = 0.83⋅10-3 s.

The first series of rings was processed via the conven-
tional method, while the second series — using periodical 
variation of the period of self oscillations of the system “bil-
let — centers”. For this purpose the second billet (after tool 
correction) and all consequent even billets were subjected 
to grinding by wheels which were fixed on a plug with ad-
ditional mass (disk ∆m = 0.65 kg). At the same time the 
period of self oscillations increased by the value 0,25⋅ТS and 
made 1.05×10-3 s.

Amplitude of oscillations of 2АI centers during pro-
cessing on a plug with constant mass in the end of resist-
ance period (T = 5 min) exceeded 20 µm. Average buckling 
height of the wheel Wav made 17 µm. Grinding with varia-
tion of a plug mass showed that wheel buckling and oscil-
lations remained practically permanent. The experiment 
was stopped after 15–20 min of wheel operation (after cor-
rection). Distinguished from the conventional method, no 
wobbling appearances were observed, periodical features of 
forced oscillations was not distinct. Quality of components 
processing was improved. Buckling height Wav decreased by 
3 times, surface roughness Rа lowered by 1.5 times. Surface 
burning were absent.

Conclusion

Preliminary simulation of the state of technological sys-
tem during the period of wheel service life makes it possible 
to rise tool resistance, to decrease deviations of quality pa-
rameters, to increase operating reliability and efficiency via 
varying the dynamic system parameters (such as mass, damp-
ing, stiffness). It is mostly simple to vary self oscillations of 
the technological system in order to manage the process via 
stiffness or deduced mass of its mostly “weak” parts-billet 
and centers. It is possible to create the systems operating with 
preset periodical character of variation of oscillations and the 
systems with feedback.
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