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Introduction

H
igh-entropy alloys (HEAs) consisting of five or 

more elements with varying concentrations rang-

ing from 5 to 35 at.% exhibit unique physical and

mechanical properties, including high strength, corrosion

resistance, wear resistance and thermal stability [1, 2].

The most extensively studied HEA is the equiatomic alloy 

CoCrFeNiMn, also referred to as the Cantor alloy [3].

Notwithstanding its intricate chemical composition, this

alloy is a single-phase solid solution with a face-centered

cubic lattice (FCC) structure, which endows it with ex-

ceptional ductility (elongation up to ~60% at T = 293 K andT

~85% at T = 77 K) and fracture toughness over a broadT

temperature range [4]. However, the yield strength and

tensile strength of Cantor alloy are relatively low: at room

temperature, the tensile strength is 660 MPa, which limits

its potential applications [4, 5]. Therefore, it is essential to

increase the strength of alloys of this system without in-

creasing brittleness.

The broad spectrum of element combinations pres-

ent in HEAs poses significant challenges to property op-

timisation, necessitating the employment of theoretical

modelling techniques. Density functional theory (DFT)

facilitates the prediction of material properties from “first 

principles”, a technique that has emerged as a potent in-

strument in the realm of modern materials science [6].

One of the methods that allows us to find the best appro-

ximation of the model to the disordered structure is the

method of special quasi-random structures (SQS) [7].

However, a significant disadvantage of this method is

the need for costly computations, which limits its use for 

high-performance search of new compositions among a

large number of variants.

A less costly method is the coherent potential ap-

proximation (CPA), which facilitates the modelling of 

disordered structures by introducing an effective medium

to simulate the changing potential of different atoms in

the alloy. This approach enables the calculation of inter-

actions between pairs of atoms in real or inverse space.

However, the main disadvantage of this approximation
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is that it cannot take into account lattice distortions that

may affect the elastic properties [8].

In order to enhance the CPA method, the EMTO-

CPA (exact muffin-tin orbital) approach has been put

forward. This approach incorporates the inter-domain

contribution to the potential and has been demonstrated

to be efficacious in the calculation of the physical param-

eters of alloys [9]. To illustrate, the efficacy of the meth-

od has been demonstrated in the calculation of physical

parameters. These include, but are not limited to, lattice

constants, elastic constants, elastic moduli and other me-

chanical properties in FeCoCrNiMnx nn alloys as a function

of Mn content (0 ≤ x ≤ 3) [10].

In this paper, the virtual crystal approximation (VCA)

method is utilised, which has been demonstrated to reduce

calculation time by averaging the multicomponent system as

a virtual atom defined by a linear combination of elements

in terms of concentration [11]. It has been demonstrated

that VCA is less demanding in terms of resources than su-

percell methods (SQS), and that it is easier to implement

than CPA and EMTO-CPA. Furthermore, it allows for 

rapid assessment of the effects of components on material

properties. Nevertheless, the model exhibits inferior accu-

racy in predicting the properties of materials. Its application

is therefore limited to small differences in the radii of atoms

of components (no more than 3%), since averaging will oth-

erwise lead to significant deviations in the properties [12].

The objective of this study is to ascertain the applica-

bility of the virtual crystal approximation method for high-

entropy alloys of the Co – Cr – Fe – Mn – Ni system and

to elucidate the regularities of elastic properties changes

depending on the Fe and Mn content.

Materials and methods

In order to facilitate a comparison between the results

obtained by the VCA method and to evaluate its applica-

bility for calculating the elastic properties of alloys, six 

samples of cast alloys of the following non-equiatomic

composition were fabricated: CoCrFexMn(40 – x)Ni (x = 5,x

10, 15, 25, 30, 35 at.%). The fabrication of the equiatomic
( )

alloy was not a primary objective of this study; however,

its properties were compared on the basis of the results of 

previous experimental studies. Pure metals in the form

of powders (99.99 at.%) were utilised as the fundamen-

tal materials in the production of cast specimens of Co,

Cr, Fe, Mn and Ni. The melting of the alloy samples was

conducted in the induction furnace VIP-010, utilising a 

corundum crucible with a capacity of 10 kg.

In order to ascertain the lattice parameter, as well as to de-

termine the phase composition of the fabricated alloys, X-ray XX

phase analysis was applied using a Shimadzu XRD 6000 dif-

fractometer according to the symmetrical Bragg-Brentano

scheme. Imaging was performed in filtered Fe – KαKK 1 radi-

ation in the range of 2θ angles from 40° to 140° at tube vol-

tage and current values of 30 kV and 30 mA, respectively.

The scanning step was 0.02°, with a scanning speed of 2°/min

and a dwell time of 0.6 c.

The modulus of elasticity was determined by nanoin-

dentation at room temperature on a NanoScan-4D in-

strument in accordance with GOST R 8.748–2011 (ISO

14577-1:2015). The indenter used was a diamond trihedral 

Berkovich pyramid with an angle at the apex of 140° and

a tip radius of ~50 nm. The peak load was set at 100 mN, 

and the duration of loading, unloading, and maintaining

the maximum load was 10 seconds. The cast specimens

were cut using an electrical discharge machine and then 

polished with cloth and diamond slurry, which had an

abrasive particle size of 2.5 μm. The etching process 

was carried out in a reagent consisting of HNO3 and HCl 

in a 1 : 3 ratio at room temperature. Indentation was per-

formed on a 5×5 grid, with an area of 500×500 μm. The

elastic modulus values were averaged over 25 measure-

ments, and confidence intervals were calculated at a 95% 

confidence level.

The elastic properties of CoCrFexMn(40 – x)Ni al-

loys (x = 5, 10, 15, 20, 25, 30, 35 at.%) were calculated
( )

x

using density functional theory methods in the Quantum

Espresso v.7.3 software package [13]. The modelled

structures were calculated with consideration for their 

paramagnetic state, as established in prior studies of the

CoCrFeMnNi alloy [10, 14]. The Optimized Norm-Con-

serving Vanderbilt (ONCV) SG15 pseudopotentials were 

used [15]. The mixing of pseudopotentials to create a “vir-

tual crystal” was performed in the virtual_v2.x program

[13]. The structure with face-centered cubic (FCC) lattice

was used as the initial crystallographic information.

In order to guarantee the precision of the calculations

of the elastic properties and lattice parameters of the mod-

elled alloys, the convergence of the results was examined.

Fig. 1, a demonstrates the relationship between the totala
energy of the crystal structure and the kinetic energy of the

wave function cutoff, and Fig. 1, b illustrates the relation-b
ship between the total energy of the crystal structure and

the number of points for space discretisation (k-points).

Based on the results of the convergence tests, a kinetic en-

ergy of 150 Ry was selected for the purpose of cutting the 

wavefunctions, thereby ensuring a total energy calculation 

accuracy of 10–7 Ry. To discretise the space, a Monkhorst-

Pack grid with a size of 35×35×35 = 42875 k-points was 

deemed to be the most appropriate approach. The accu-

racy of the total energy self-consistency procedure was set 

to 10–10 Ry, and the forces acting on the atoms did not

exceed 10–6 Ry/a0. The total time required to perform the 

calculations for the seven modelled alloys was 104 hours,

including 12 hours of convergence tests. The calcula-

tions were executed by utilising the computing resources

of the Centre of Digital Competences of Siberian State 

Industrial University. The calculations were performed

on an electronic computer equipped with an Intel(R)

Core(TM) i7-9700F CPU 3.00 GHz processor and 100

GB of random-access memory. The calculations were ex-

ecuted using a parallelisation approach across eight cores.

The bulk modulus of the modelled alloys was calculat-

ed in the Gibbs2 and ElaStic software at a temperature of 
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0 K [16–18]. In the first case, the equation of state (EOS)

in the Burch-Murnaghan parameterisation was used to

study the effect of pressure on the alloy structure [19]. The

parameters of the equation were determined by fitting the 

following analytical expression to the calculated curve of 

energy dependence on the unit cell volume E(V) [20]:

                      9V0VV B0BB
E(EE V)VV  = E0E  + 0 –––––((

0 0
x–2x – 1)3B1 + (x–2 x – 1)2 ×

                         16

×(6 – 4x–2x )) , (1)

where x = (x V/VV V0VV )1/3, B0BB  = –V(VV ∂P/PP ∂V)VV T is the isothermal T
bulk modulus, B1 = (∂B/B ∂P)T is its first pressure derivativeT

at x = 1. The valuesx E0EE , V0VV , B0BB  and B1 represent the four 

parameters of the equation of state (1), and they are de-

fined as follows: V0VV  is the volume at the energy minimum,

E0EE is the depth of the curve E(EE V),VV B0BB  and B1 determine

the shape of the curve. The value of the bulk modulus B0BB , 

as determined by this EOS, will henceforth be denoted as

BEOSB .

In the second case, the bulk modulus, along with the

elastic constants and other elastic moduli, were calculated

in the framework of the Lagrange theory of elasticity [16].

In this theory, the solid is considered to be a homogeneous

elastic medium, in which strain and stress are represented

as symmetric second-rank tensors. The Lagrange strain,

denoted here by η, and the Lagrange stress, denoted here

by τ, are defined as

               1η = ∈ + –– 
1 ∈2 , (2)

               2

τ = det(1 +t ∈)(1 + ∈)–1 . σ . (1 + ∈)–1 , (3)

The symbol “(.)” is used to denote the tensor product.

The physical strain tensor, denoted “∈”, is defined as the

transformation of the position vector “r” into “(1 +rr ∈) – r” rr

in Cartesian coordinates. The physical stress tensor, de-

noted “σ”, is defined through differentiation of the total

energy, “E”:””

1 ∂2Eσ = –– ––– (4)
1 ∂ E

        V  ∂∈2

The V is the volume of the crystal. In the linear regime, V

there is a well-established relationship between the stress 

and strain of a material, as measured by the generalised 

Hooke’s law:

τ = Σ3
k, l = 1l cijklηl kl (5)l

The coefficients cijkl are defined as the elastic constantsl
of the crystal and represent the components of the fourth-

rank stiffness tensor c. 

As demonstrated in equation (5), the elastic constants

can be expressed as follows:

          ∂τα
cijkl = ––– l |

η = 0

 (6)
           ∂
cijkl

ηβ

The calculation of second-rank elastic constants

through first-principles methods is based on a technique 

originally developed by Nielsen and Martin [21]. This 
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Fig. 1. Dependence of the values of the total energy, EtotEE , of the modelled CoCrFexMn(40 – x)Ni alloys (x = 5, 10, 15, 20, 25, 30, 35 at.%) on (x a) the

kinetic cutting energy of the EcutEE  wave function and (b) the number of k-points 
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approach is favoured for utilisation in software capable

of calculating the stress tensor. Notably, it is incorporated 

within the Quantum Espresso software suite, which has

been employed in the present study. 

The Hill averaging method was employed in accor-

dance with the Voigt and Reuss methods, which facilitate

the estimation of the range of possible values of the elastic

moduli of polycrystalline materials [22]. The Voigt ap-

proximation provides asymptotically maximum values of 

the bulk moduli BV, VV BRB  and shear moduli R GV, VV GRG , while

the Reuss method provides minimum estimates of these

parameters [23, 24]:

BV = BV RB  = (R C11 + 2C12)/3 , (7)

GV = V (C11 – C12 + 3C44C )/5 , (8)

          5(C11 – C12)C44C
GRG  =R  ––––––––––––––  (9)

( 11 12) 44
=

         4
R C44C  + 3(C11 – C12)

Hill proposed the utilisation of average moduli values

of polycrystalline materials, as deduced from strain energy 

density analysis. This approach has been demonstrated to

offer a more precise depiction of the mechanical proper-

ties that fall between the two extreme estimates [25]:

     1                               1
B = ––(

     1     
B B

     
V +

     
V B

     
RB ),

    
G
     

 =–– (
     1

G GV +V GRG )  (10)
        2                              2

( V R)

It is evident that, in consideration of these values, the 

Young’s modulus, E, and the Poisson’s ratio, μ, are

defined as follows:

           9BG 3B – 2B G
E
    
 = ––––––,  μ = ––––––––  (11)
        9BG            3B 2B G

E
  

        3B +B G             2(3B +B G)

The Zener anisotropy parameter was calculated by 

the following formula [26]:
                  

C44C
A = 2  –––––––– (12)

44
A
           (C11 – C12)

The experimental values of the elastic constants were 

determined on the basis of the values of Young’s modulus, 

as measured by means of the nanoindentation method,

and of Poisson’s ratio, which was taken to be 0.26 [27].

The experimental elastic constants were calculated using

the following formula:

                     (1 – μ)
C11 = E –––––––––––– , (13)

               (1 + μ)(1 – 2μ)
11

                     EμEE
C
     

12 = –––––––––––, (14)
              EμEE

            (1 + μ)(1 – 2μ)
12

                 E
C
     

44C  = ––––––. (15)
           E

           2(1 + μ)
44

Results and discussion

As illustrated in Fig. 2, a the diffractograms of the cast a
alloy samples under investigation are displayed. XRD

analysis revealed that all alloys are single-phase solid solu-

tions based on the FCC lattice. This finding is corrobo-

rated by the results of the diffractograms, which show in-

tensity peaks with Miller plane indices (111), (200), (220)

and (311), corresponding to the FCC lattice.

а b
Intensity (points)

2 Theta (o)

Mn concentration (at.%)

Fe concentration (at.%)

Lattice parameters (Å)

Cast  (this article)

Cast [29]

this article

Fig. 2. Diffractograms and lattice parameters of the CoCrFexMn(40 – x)Ni alloys (x = 5, 10, 15, 25, 30, 35 at.%) calculated using VCA, VASP SQS [14], x
QE SQS [28], EMTO-CPA [14] and experimental values obtained in this study and for the equiatomic composition of CoCrFeMnNi from [29]
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As illustrated in Fig. 2, b, the values of the lattice pa-

rameters were calculated using both VCA and SQS meth-

ods, implemented in the VASP and Quantum ESPRESSO

(QE) programs. The experimental data is dependent on

the chemical composition of the alloys. When evaluated

according to the VCA method, the values of the lattice pa-

rameters exhibit minimal dependence on the Fe and Mn

content. The deviation from the mean value of 3.454  does 

not exceed 0.13%. Concurrent increases in Fe content

and decreases in Mn content result in a 0.3% reduction

in the lattice parameter, from 3.458 A
o 

to 3.450 AA
o

. This de-AA

pendence is in accordance with the experimental findings,

which also demonstrate a decline in the lattice parameter 

value by 1.2% from 3.627 A
o

to 3.583 AAA
o

. The values calculat-AA

ed by the VCA method exhibit an average decrease of 4%

below the experimental values of the lattice parameters.

The lattice parameters obtained by the SQS method in the

QE [28] and VASP [14] programs have been shown to be

more closely aligned with the experimental values than

those calculated by the VCA method. The discre pancy be-

tween the two sets of values is found to be 2.3% and 1.6%,

respectively.

The observed decrease in the lattice parameter in ex-

perimental alloys with decreasing Mn content and simul-

taneous increase in Fe content may be attributable to the

fact that the atomic radius of Mn (135 pm) is larger than

the atomic radius of Fe (124.12 pm). Consequently, the

distortion of the crystal lattice decreases. The VCA meth-

od proved incapable of reflecting the changes to the struc-

ture distortion. This is because it replaces the real atoms

in the sublattice with a “virtual atom” that possesses an

averaged mass [30]. Another potential reason is that the

calculations were performed at 0 K, which implies the 

absence of phonon-phonon interactions occurring at the

non-zero temperature.

As illustrated in Fig. 3, a, the longitudinal C11, shear 

C44C  and transverse C12 elastic constants were calculated

using the VCA method and obtained through experimen-

tal means for the alloys of the Co – Cr – Fe – Mn – Ni

system. The values of CijCC  obtained by the VCA methodj
allow for analysis of the modelled crystals in terms of com-

pliance with the mechanical stability conditions [31]. The

mechanical stability conditions for cubic crystals are as

follows: C11 > |C12|, C11 > 0, C44C  > 0, and (C11 + 2C12) > 0

[32]. In the present work, it is demonstrated that all alloys

fulfill this criteria.

The elastic constants of CoCrFexMn(40 – x)Ni alloys

(x = 5, 10, 15, 20, 25, 30, 35 at.%) were calculated
( )

x

using the VCA method, these constants exceed the ex-

perimentally determined values by a factor of 1.1–7.3.

The experimental values were most closely reflected

by the CoCrFe5Mn35Ni, CoCrFe30Mn10Ni and

CoCrFe35Mn5Ni alloys, for which the elastic constants

differed by no more than 1.3 times for C11, 1.5 times

for C12 and 2.6 times for C44C . The greatest discrepancy 

from experimental values was observed in the calculat-

ed data of CoCrFe10Mn30Ni and CoCrFe15Mn25Ni

alloys, for which C11 was found to be 3.3–3.5 times 

larger, C12 was 3.7–3.9 times larger, and C44C  was 6.8–7.3 

times larger.

The elastic constants calculated by the VCA method

remained practically unchanged with increasing Fe con-

tent from 5 to 35 at.% and the corresponding decrease 

of Mn concentration in CoCrFexMn(40 – x)Ni alloys.

An examination of the data reveals a slight increase in 

C11 by 2.5%, an increase in C44C  by 5.4%, and a decrease

in C12 by 4.8%. The experimental data demonstrate a

more complex dependence of the elastic constants on 

chemical composition, which was not detected by the 

VCA method. 

The distinction between C11 and C44C  is pivotal in de-

termining the Cauchy pressure, which is indicative of the

bonding mechanism between atoms in the alloy. A nega-

tive Cauchy pressure value signifies that the material ex-

hibits a non-metallic nature with directional bonding. The 

predominance of metallic bonding in the material is 

indicated by a positive value [33]. As demonstrated 

in Fig. 3, b, all alloys exhibit positive values of Cauchy 

pressure, indicative of the strongly pronounced metallic 

bonding between “virtual atoms”. The VCA calculation

indicates an increase in the C11–C44C  value with rising Fe

content, concomitant with a decrease in Mn content. This

can be interpreted as an enhancement in the stability of 

the metallic bond, which consequently leads to an im-

provement in ductility.

The Young’s modulus calculated by VCA method in-

creases linearly from 431.8 GPa to 457.3 GPa (by 6%)

with increasing Fe content and decreasing Mn content

(see Fig. 3, c). However, it is important to note that the

values obtained by nanoindentation do not demonstrate a 

linear relationship. The highest values are observed in al-

loys with Fe content (x = 5, 20, 30, and 35 at.%), while in x

alloys with Fe content (x = 10, 15, and 25 at.%) the values x

are lower by a factor of 3 on average. It is interesting 

to note that the elastic moduli of non-equiatomic al-

loys exceed the value for the equiatomic composition 

(201.6 GPa [29]), and the lowest values are observed in 

the alloys closest on the graph to the equiatomic one. The

alloy containing 5 at.% Fe and 35 at.% Mn exhibits a 17%

decrease in E value compared to the alloy with 5 at.% Mn E

and 35 at.% Fe. This suggests that increasing the concen-

trations of Fe and Mn (35 at.%) leads to an enhancement

in the modulus of elasticity of alloys within the Co – 

Cr – Fe – Mn – Ni system.

The values of the bulk modulus, B, calculated by 

the VCA method using substitution into the Burch-

Murnaghan equation of state (BEOSB ) correspond to theSS
values obtained when calculating B within the framework 

of the Lagrange theory of elasticity. The discrepancy be-

tween the two methods is no greater than 1%, thus vali-

dating the comparability of the results obtained by these

techniques. A decline in Fe content from 35 to 20 at.% is

accompanied by an increase in Mn from 5 to 20 at.%, re-

sulting in a modest rise in BEOSB  compressive bulk modulusS
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from 289.1 GPa to 289.9 GPa (0.2%). Further increases

in Mn content with decreasing Fe fraction in the alloys

do not significantly affect the change in bulk modulus

(0.03 %).

It has been demonstrated that, for all alloys present-

ed, the bulk modulus (B) exceeds the shear modulus (BB G).GG

The B/G ratio has been shown to be a valuable metric for G

evaluating the ductility and machinability of the mate-

rial in question. A B/G value above 1.75 has been identi-G

fied as an indication of good machinability [34]. The B/G

values calculated with VCA increase with decreasing Fe

content and increasing Mn content, reaching a maximum

(B/G = = 1.68) in the CoCrFe5Mn35Ni alloy, indicating

the highest ductility of this alloy (see Fig. 3, d). This dd

prediction is comparable with the trend revealed by calcu-

lations of Cauchy pressure values.

It has been demonstrated that, upon increasing the Fe

content from 5 to 35 at.% and simultaneously decreas-

ing the Mn content in CoCrFexMn(40 – x)Ni alloys,

the value of Poisson’s ratio decreases from 0.24 to 0.22

(Table). This change signifies that the alloys are less prone

to transverse tensile strain. The decline in μ may suggest

an augmentation in the alloy’s stiffness. Consequently, the 

modelled CoCrFexMn(40 – x)Ni alloys exhibit enhanced

resistance to deformation with increasing Fe content and

decreasing Mn content.

Zener anisotropy (A) is a pivotal parameter in the cha-

racterisation of the disparities in mechanical properties 

a

c d

b
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Fig. 3. Dependences of (a) elastic constants, (b) Cauchy ratios, (c) Young’s moduli, E, bulk compression, EE B, and shear, G, (d) Young’s moduli,dd E, EE
B/B G ratio, and theoretical density on Fe and Mn content in CoCrFeG xMn(40 – x)Ni alloys (x = 5, 10, 15, 20, 25, 30, 35 at.%). The results for x
the equiatomic composition CoCrFeMnNi are taken from [29]
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isotropy in alloys range from 2.21 to 2.32, thereby signify-

ing the existence of anisotropic properties in these alloys.

Conclusion

This paper presents a first-principles study of the elas-

tic properties of high-entropy CoCrFexMn(40 – x)Ni al-

loys, employing the virtual crystal approximation (VCA) 

method.

It has been established that an augmentation in Fe

content, concomitant with a diminution in Mn, results in

a reduction in the lattice parameter. This finding is in ac-

cordance with the observations derived from experimen-

tation. It has been determined that the calculated values 

of Young’s modulus exhibit a marked increase in compari-

son to the experimental values. This outcome signifies the 

constraints imposed by the VCA method in accurately es-

timating the absolute values of elastic properties.

It is evident that the virtual crystal approximation

method is a valuable instrument for the preliminary ex-

amination of the mechanical properties of high-entropy 

alloys. Nevertheless, its application for precise estima-

tions is not feasible. Consequently, there is a necessity for 

additional research to be conducted on the development

of methodologies that facilitate high-performance calcu-

lations and possess adequate accuracy for predicting the

elastic properties of high-entropy alloys.
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