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The theory of elasticity, which is one of the departments of mechanics, is currently the basis for the design of all engineering
structures in which elastic deformations have to be taken into account. It became the exact science only after the gradual
development for more than two hundred years. Over the past few decades, the valuable information has been obtained about
the non-elastic materials — the mechanical properties of plastic metals and the conditions under which the solid bodies are
destroyed. However, the most satisfactory understanding of the plastic condition of materials and the report on the conditions,
under which the destruction occurs, were achieved only after the crystal structure of metals and alloys, the mechanical and
thermal history of the metal semi-finished products (rods and sheets) from the time of casting of ingots and ending with the
annealing of finished products were alone with great care studied in the wide physical terms. The study of the plastic state of
matter is currently of interest to many branches of science and technology. Thus, it is desirable for metallurgists to control
more precisely the processes of deformation of metals at high temperatures. Since the rolling mills currently use huge amounts
of energy, it is necessary to use the energy more economically. On the other hand, in order to choose the right materials for
the different parts of machines, the designer must carefully consider the mechanical properties of these materials. He is not
only interested in knowing as accurately as possible the ultimate stresses, at which the parts of machines should be expected
to risk plastic deformation, destruction or cracking due to fatigue, but in many cases he wants to take into account the pos-
sible deformation of the parts of machines, that are subjected to the long-term forces. If the deformations are elastic, then the
designer can base his calculations on the theory of elasticity, but he lacks such a reliable basis when moving from the elastic

deformations to the plastic deformations or when figuring out the conditions, under which the fracture occurs.

Introduction

The problem of destruction has always attracted the
attention of researchers. In recent decades, this problem
has become extremely important in practice due to the
development of the jet aviation, rocket engineering and
space technology. Numerous studies have appeared on
the analysis of the destruction conditions and methods
for calculating the strength of the structural elements, the
critical parts of machines and mechanisms [1-3]. In many
works, the destruction of metals in the pressure treatment
processes is considered.

Using methods of the continuum mechanics, it is pos-
sible to find the stress and displacement fields and the tem-
perature distribution in bodies that are under the influence
of some system of the external forces [4-5]. However, as
many researchers note, there is a striking discrepancy be-
tween the exact methods for determining the stress and dis-
placement fields and the subsequent very rough estimates
of strength. The reasons for this include the complexity of
the structure of real materials, the presence of numerous
damages, ranging from microscopic and submicroscopic
defects to the large pores and main cracks [6—12].

External conditions, having a significant impact on
the strength of bodies, are the character of loads and the
aggressiveness of the environment. Therefore, the de-
struction is a complex problem that lies at the intersec-
tion of the solid state physics, the continuum mechanics
and the materials science [13-18]. Despite the success
of the physical approach to the conditions of flow and
destruction of solids, the physical methods have not yet
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been able even to describe qualitatively many peculiarities
of the destruction process.

The quantitative evaluation of the strength of technical
materials can currently be obtained using only the classical
approach of the continuum mechanics in its new section
—the destruction mechanics [19-25]. The purpose of the
fracture mechanics is to find out the conditions for the de-
struction of bodies under the influence of the external loads
in a certain temperature-speed interval [4, 10, 26-32].

Destruction by means of separation and shift

There are two types of destruction that need to be dis-
tinguished when we are testing the strength of specimens
from the single-crystal on stretching [ 1-5]. For materials
such as cast iron, we have a brittle failure without the sig-
nificant plastic deformation, and the failure is observed
when the value of the normal stress on one of the main
planes of the material reaches a critical value. This type
ofthe destruction is called separation (breaking-off). The
monocrystalline metal samples usually show a large plas-
tic deformation before a destruction, consisting of sliding
along certain crystallographic planes. Destruction of this
type is called shear failure.

The dependence between the separation resistance (in
case of breakage) and the slip resistance (in case of shear
failure) does not remain constant for the same material.
It depends on the temperature of the specimen and the
test speed. It is obvious that the sliding resistance increas-
es with a decrease in temperature and with an increase in
the deformation speed [6-10].
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However, the resistance of separation does not depend
on one and the same extent on these two factors. This
explains why cast iron, which is brittle at room tempera-
ture, shows plastic shear failure if it tested at a very high
temperature, when its sliding resistance decreases sharply.
This also explains why a bar of metal such as zinc can be
bent under slow deformation like a bar of plastic material,
while the same bar is brittle and collapses without plastic
deformation if the load is applied suddenly.

In the case of the polycrystalline materials, two types
of failure must be considered again: brittle failure, asin the
case of cast iron, and shear failure, as in the case of mild
steel, aluminum and other metals [4, 11-15]. In the first
case, the destruction occurs almost without plastic defor-
mation along the cross section, perpendicular to the axis of
the sample. In the second case, the destruction occurs after
significant plastic stretching and the place of rupture have
approximately the shape of “cup-and-cone”.

‘When discussing these two types of failure, the theory
was put forward that the strength of material can be de-
scribed by two characteristics: the separation resistance
and the slip resistance of material [5, 14, 16-21]. If the
sliding resistance is greater than the separation resistance,
then we have a brittle material and the destruction will
occur as the result of overcoming the forces of adhesion
without any noticeable deformation. Ifthe separation re-
sistance is greater than the slip resistance, then we have
a plastic material [22-25]. Then first there is the sliding
along the inclined planes, and the destruction in the form
of "cup-and-cone" occurs only after the significant uni-
form drawing and subsequent local reduction in the cross-
sectional area (formation of the neck) of the specimen.

Shift deformation in metallurgy

In the continuum mechanics, a shear is a type of de-
formation in which only one transverse force occurs in the
cross-section of deformable solid. The shift brought to the
destruction of material is called cutting at plastic deforma-
tion and chipping at brittle failure (Fig. 1) [4, 5, 14, 24].

For the complex forms of deformations in a solid,
there is a simultaneous joint (combined) action of the sev-
eral types of deformations, for example, a tension with a

Fig. 1. Edge of steel sheet after cutting
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shear, a compression with a shear, bending with a shear, a
torsion with a shear and so on.

For example, the shear deformation is observed into
the rivets and the bolts of steel constructions (the bridge
spans, the fuselages of aircraft, the car frames) at the trans-
versal load; the cylindrical shafts of ships and the rollers
of metallurgical machinery at torsion; the metal bars (the
armatures) under cutting by the guillotine shears; the steel
sheets under the cutting by the disk scissors (Fig. 2) and
by the trimming scissors (Fig. 3) [26-32].

Hooke’s law for pure shift

A plane stress state in which an infinitesimal (elemen-
tary) square, on the sides of which only tangent stresses act,
can be distinguished (chosen) in the vicinity of the studied
point of the body’s cross-section is called a pure shift.

The Hooke’s law for a pure shift at elastic defor-
mations has a linear form t = Gy, where 1 is the shear
stress; G is the shear modulus (the modulus of elasticity
in shear); v is the shift (dimensionless value) [5, 14, 25].
The Hooke’s law for a pure shift at elastic deformations

Fig. 3. Trimming scissors for cutting of steel sheet
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is confirmed by the experiments on an elastic tor-
sion of the long thin-walled cylindrical pipes. In this
case, the pure shift state is observed on the pipe’s
surface. The experiments show us that for steels, the
yield strength at shift is 1, = 0.50+0.60 6, where o,
is the yield strength at stretching of steel.

Note that G = E/(2(1 + n)), where F is the
Young’s modulus; p is the Poisson’s ratio [15, 24].
The Young’s modulus, shear modulus and Poisson’s
ratio for a number of metals are shown in Table 1.

Back description of plastic zone at shift

In the elastic-plastic shear, the relationship be-
tween the tangent stress T and the shear angle ybe-
comes nonlinear, and the classical linear Hooke’s
law for shear is broken. To obtain the nonlinear
dependence (diagram) between t and yin the field
of metal’s hardening zone at shear, we can experi-
mentally using the elastoplastic torsion of the metal
thin-walled cylindrical pipes [14, 25].

Note that the shear stress — shift diagram
(Fig. 4) is completely similar to the tensile diagram
of steel bar [17, 18, 21, 23], and it clearly shows
the shear yield strength 1, and the shear ultimate
strength 1,. Let y, and v, be the shifts correspond-
ing to the yield strength t, and t,, P, be the plastic
module of metal at y=y,.

Table 1. Elastic moduli and Poisson’s ratio for metals

Usually, the flow zone is not observed on the dia-
gram for the high-strength pipe steels or is expressed very
weakly. In addition, the length of the shear flow zone for
steels is always much smaller than the size of the shear
hardening zone [26, 27, 32]. Therefore, at further analyti-
cal approximation of the shear hardening zone we will be
neglected the shear flow zone.

We remark that under the strength condition by Hu-
ber — Mises (the energy theory of strength) 7, = cy/\ﬁ =~
= 0.580, [4, 5], but under the strength condition by
Tresca — Saint-Venant (the theory of maximum tangen-
tial stresses) 1,=0¢,/2=0.50,[14, 15].

The back description by Shinkin for the plastic zone
at shift has the form
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Fig. 4. Shear stress — shift diagram for metal round
thin-walled pipe

Moduli of elasticity, MPa Poisson’s
Metal Young modulus E | Shear modulus G | ratio, i
Grey, white cast iron (1,15-1,60)x103 4,5x104 0,23-0,27
Malleable-cast iron 1,55%x108 - -
Carbon steel (2,0-2,1)x105 8,1x104 0,24-0,28
Alloyed steel (2,1-2,2)x10° 8,1x104 0,25-0,30
Steel casting 1,75x10° - -
Rolled copper 1,1x105 4,0x104 0,31-0,34
Cold-drawn copper 1,3x105 4,9x104 -
Copper casting 0,84x105 - -
Rolled phosphorus bronze 1,15x10° 4,2x104 0,32-0,35
Rolled manganese bronze 1,1x105 4,0x104 0,35
Aluminum bronze casting 1,05x10% 4,2x104 -
Cold-drawn brass (0,91-0,99)x10% |  (3,5-3,7)x10* | 0,32-0,42
Ship’s rolled brass 1,0x105 - 0,36
Rolled aluminum 0,69x10% (2,6-2,7)x104 | 0,32-0,36
Drawn aluminum wire 0,7x105 - -
Rolled duralumin 0,71x10° 2,7x104 -
Rolled zinc 0,84x105 3,2x104 0,27
Lead 0,17x105 0,70x104 0,42
T
Gy, OSYSYﬁEy;
=11~ 2P —7)s 1. 2727,
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P >0, n>1;
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Y

where n are the real numbers.
Under one member of the series and the four bound-
ary conditions

dt dt
wy,) =1, uY,)=1, d—y(vy)=Py, d—y(vu)=0,

the back Shinkin’s description at shift has the form

T n
Gy, OSySyyzgy; 1, - P(v,-v),
w(y) = P - —
n= y(’Y” Yy)a P: T” Tyn’ ’YuZ’YZ’YY’
Tu_Ty (Yu_Yy)

dt dt
wy,) =1, uY,)=1, d—y(vy)=Py, d—y(vu)=0.
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Straight description of plastic zone at shift

The straight Shinkin’s description for the plastic zone
at shift has the form

Gy, OSYSYy=%y;

w(y)=|1 +ZP[( ——+Yn) Y]
Y27y, V,20;
dt e
uy,) =1, d—y(“/y)=2 nhe, 1=Py§

where P, and » are the real numbers, v, are the real dis-
placements of y relatively v,.

Under P, = 0, we obtain the Prandtl’s description
[24, 25] for the plastic zone at shift

Ty
Gy, OSYSvf?

w(y) =
Ty Y27,
Under one term of the series, vy, = 0 and n = 1, we
obtain the linear description at shift
Sy.
G b
Ty +P},(Y—Yy), Y2y
Under three members of the series and under the four
boundary conditions

Gy,

0<y<y, =
wy)= g

drt drt
= —_— = —_— :0'
(Y,) =T, dy(vy) s dY(vu) ;

the straight Shinkin’s description at shift is a cubic multi-
nomial (polynomial) by yand has the form

wv,)=1,,

T
Gy, O<ysy, =23

2Py(7u_7y)_3(% _Ty){ _ )2
2 \ y

Ty+Py(Y_Yy)_

(y)= (Yu_yy)
+Py(Y”_yy)_z(:"_ry)(v—vy)s,
(v.-7,)
V. 2727,
W) =1 W) =Ta, j—;(m:Py, j—;m:o.

Numerical calculations

Let us consider a low-carbon steel. Let the Young’s
modulus, yield strength and Poisson’s ratio of steel
at tensile are equal to £ = 2x10!! Pa, 6, = 524 MPa
and u = 0.29. Then the yield strength at shift and
the shear modulus of steel are equal to t, = 302 MPa
and G = 7.752x1010 Pa, v, = 3.9x10-3. Let the ulti-
mate shear stress, ultimate shift and plastic module of
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steel at shift are equal to 1, = 352 MPa, y, = 0.18 and
P,= 740 MPa.

We approximate the steel’s plastic zone completely
(from the yield shear stress to the ultimate shear stress)
under the boundary conditions (or a part of these bound-
ary conditions)

dt dt
wy,) =1, UY,)=1, d—y(vy)= s d—y(vu)=0-

In this case, the Nadai’s description at shift (two
boundary conditions) has the form

ln[ru(lwu)]
P-In"(1+ T, (1+y
=2, )]
I+y In(l+v,)
In| — 4
In(I+y,)
_ ry(1+yy)
ln"(1+yy)’
d d
0,)=1,, WY)="1 d—;m)ﬁy, d—;(vu);to;

and the Ludwik’s description at shift (two boundary con-
ditions) has the form

T, +P-In"(1+7)

w(y)= I ,
+7
7, (1+7,)
SR (YR Y
T, (1+7,)-1, n(l+7.),
(1+yu) T,
(1+yu) ’
drt drt
(Y,) =T, d—y(vu)=0; w(y,) #7,, d—y(vy)iPy.

For the steel’s plastic zone at shift, the curves of the
Prandtl’s, Nadai’s and Ludwik’s descriptions, the curves
of the straight and back Shinkin’s descriptions are shown
in Fig. §.

Conclusions

The process of the brittle and plastic destruction of
metals at the shift deformation is studied in detail. The
practical examples of using the process of the shift de-
struction of metal in metallurgy are given, for example,
when cutting the steel sheets by means of the guillotine,
disk and edge-trimming shears. The nonlinear behavior
of the shear stresses in the hardening zone of metal at
shift is studied. The classical models by Prandtl, Nadai
and Ludwik for describing the plastic deformation in the
hardening zone of metal at shift are considered in detail.

The new straight and back descriptions of the plastic
zone of metal at shift in the form of a power series with
the displacement of shift are proposed, which are more
accurate than the Prandtl’s, Nadai’s, and Ludwik’s de-
scriptions at shift.
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Fig. 5. The shear stress curves in the plastic zone at shift:

1 — Prandtl’s curve; 2 — linear curve; 3 — Nadai’s
curve; 4 — Ludwik’s curve; 5and 6 — Shinkin’s
curves of straight and back descriptions;

7 — experimental (dotted) curve

Using the numerical calculations, it is shown that the

straight and back description of the hardening zone of metal
at shift coincides with the experimental curve of shift de-
formation with high accuracy (up to 3-5%); the Prandtl’s
description is not applicable to depict the hardening zone
of the high-strength steels at shift; the linear description is
only applicable in the first quarter of the hardening zone of
metal at shift; the Nadai’s and Ludwik’s descriptions have
too large a relative deviation from the experimental curve
(up to 25-40%) in the middle part of the hardening zone
of the high-strength steels at shift.
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