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The energy model of a deformation object, which is a densely packed system of material particles, provides a funda-

mental basis for applying the mathematical apparatus of continuous functions. This approach allows for an adequate 

description of the complex behavior of materials in metal forming processes. When an external force is applied by 

the tool to the system of particles in the workpiece, the equations of motion formulated in lagrangian coordinates 

play a key role. Their main advantage lies in the ability to account for the individual loading history of each fixed 

material particle, which is crucial for analyzing the deformation state of the object. The lagrangian equations not 

only determine the trajectory and specific motion of each particle but also allow for establishing its precise position 

in space, described by eulerian coordinates. Within the framework of the model, computational relations were pro-

posed for determining the partial derivatives of the Eulerian coordinates with respect to the Lagrangian variables and 

time. Based on these, an effective methodology for calculating the kinematic invariants of the motion of material 

particles was developed. These invariants objectively characterize the deformation state, independent of the refer-

ence frame. The use of the Lagrangian description is methodologically preferential because fundamental physical 

laws are formulated precisely for material particles, not for points in space. The practical significance of the model 

is confirmed by obtaining invariant characteristics of the deformed state, using examples of plane and axisymmetric 

upsetting. It is important to note that the equations of motion in lagrangian coordinates open up the possibility of 

applying the powerful method of superposition. This is especially relevant for modeling complex, combined pro-

cesses where it is necessary to account for the superposition of several types of deformation. This approach signifi-

cantly improves the accuracy of prediction and the optimization of technological parameters.
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Introduction 

The laws of motion in mechanics are essential for struc-

tural calculations and are also used in meteorology, medicine 

(prosthetics), biology, and chemistry. These laws must be ap-

plied in the calculations of technological processes across all 

branches of metallurgy and in metal forming (OMD) [1–3]. 

In continuum mechanics, Eulerian and Lagrangian coordi-

nates are used to describe the motion of particles within a 

medium [4–7]. Equations in Eulerian coordinates allow for 

determining the state of the medium at the current moment 

in time. They are equilibrium equations and do not account 

for the action of body forces or the acceleration of particles 

during deformation. Known methods, such as methods for 

the simultaneous solution of differential equations of equi-

librium and plasticity, the slip line method (lower bound 

estimate of forces), and the upper bound method based on 

kinematically admissible velocity fields, fundamentally ap-

ply the axioms of statics, which do not consider time. The 

modern approach to solving the stress-strain state using 

the finite element method [8, 9] is also based on the afore-

mentioned methods, utilizing equilibrium equations and 

the variational principle when formulating the governing 

equations. This approach does not allow for obtaining the 

equations of motion for fixed particles of the medium, and 

in some cases, additional conditions are required to obtain  

correct results.

The application of Lagrangian coordinates makes it pos-

sible to focus on the particle and answer the question of what 

happens to it over time. This method can be applied when 

solving problems using the finite element method. In metal 

forming, the use of Lagrangian coordinates allows for con-

sidering the loading history of particles, which is particularly 

important for solving problems related to the influence of de-

formation conditions on material work hardening, its plastic-

ity, recrystallization processes, the level of structure-sensitive 

properties, as well as local thermal effects [10] accompanying 

plastic deformation. Using Lagrangian variables, the stress-

strain state can be determined from experimental trajec-

tories. To meet modern requirements for finished product 

quality, it is necessary to increase the reliability of experimen-

tal data concerning the invariant characteristics of the stress 

and strain states, obtained within the volume of products, 

taking into account the loading history.
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Initial data and method of analysis

Axisymmetric upsetting (ASU) and plane strain upsetting 

(PSU) are the most common processes in metal forming, 

and they are also widely used in laboratory material testing 

[11, 12].

By applying the Lagrangian approach based on experi-

mental particle trajectory data, the primary kinematic char-

acteristics were determined: the shear strain rate intensity –

Se and the shear strain intensity – �e. This research objective 

was set to investigate upsetting (ASU) and extrusion (PSU) 

processes.

Lead was used as the model material because it satisfac-

torily simulates the behavior of steel during hot metal form-

ing (e.g., in rolling, die forging, hammer forging, extrusion). 

Consequently, lead billets were utilized to manufacture the 

ASU and PSU specimens.

Concurrently, specimens made of steel 40Kh (41Cr4) 

and aluminum AD1 (1050A), subjected to hot deformation, 

were also investigated in the experiments.

When investigating the stress state, it is necessary to use 

hardening models that depend on temperature – T, the shear 

stress intensity –��e, and the shear strain rate intensity – Se.

���������Se�������)                                      (1)

This article focuses on the strain state of upsetting and  

hot stamping processes for 40Kh steel specimens.

To eliminate the influence of internal defects, the speci-

mens were manufactured from extruded billets with a degree 

of deformation of 60–70 %. The initial height of the plane 

and cylindrical specimens (Fig. 1) was H0 = 50 mm. The 

dimensions of the plane specimens were (height × width ��
length: 50×50×48 mm), and the cylindrical specimens were 

(height х diameter: 50×50 mm). The obtained specimens 

were upset to a height of h = 25 mm, with uniform time steps. 

To record the initial and current coordinates of the particles, 

a coordinate grid was applied to the deformation plane prior 

to upsetting.

The grid has a step size of �� = 5 mm and �� = 5 mm. The 

grid nodes correspond to the initial coordinates of the parti-

cles during the deformation of the specimens over five loading 

stages: �� = 5 s, with a constant velocity V0 = 1 mm/s. The 

upsetting was carried out using rough plates, which approxi-

mately corresponds to a Coulomb friction coefficient μ = 0.5.

For each grid node, the measurement of the initial and 

current coordinates was carried out with an accuracy of up to 

0.01 mm. After measuring the coordinates at each upsetting 

step, five points were recorded on the particle trajectories 

corresponding to the upsetting step. The particle trajecto-

ries were obtained by interpolation using the least squares 

method with a second-order polynomial (see Fig. 1). 

The particle trajectories can be expressed in Lagrangian 

form (2) and in Eulerian form (3):

where          ,                      , for t=0                                     

If the equation of motion is given in the form (3), then 

differentiation with respect to time dt is carried out according 

to the rules for differentiating implicit functions: 

The expression (4) is the total, material derivative of a 

particle, or the substantial derivative. When the motion func-

tion is specified in Lagrangian coordinates, differentiation 

with respect to time equals the partial derivative (5):

To calculate the components of particle displacement ve-

locity in the Cartesian coordinate system in the horizontal 

direction of the grid u=xt and in the vertical direction of the 

grid v= yt, the derivative formulas (6)–(10) are presented.

The derivatives for the first points of the trajectory are 

determined by equation (6): 

 

 
(6)

The derivatives for the second points of the trajectory are 

calculated using formula (7).

 
(7)

For the penultimate points of the trajectories, the deriva-

tives are calculated using the formula:

 

 
(8)

The calculation of derivatives for the last points of the 

trajectories is determined by the following formula:

 

 
(9)

For all trajectories, the first derivatives of the central 

points are calculated using formula (10)

 

 
(10)

where f (0) – is the value of the grid node coordinates at 

the considered stage of upsetting;

f (–�); f (–2����f (–3�) – are the values of the grid node 

coordinates at the previous three stages of upsetting;

f (�); f (2����f (3�) – are the values of the grid node coor-

dinates at the next three stages of upsetting.

Next, the derivatives of the Eulerian coordinates with 

respect to the Lagrangian coordinates x�, x�, y�, y� and the Fig. 1. Particle trajectories during upsetting
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mixed derivatives xt�, xt�, yt�, yt� were determined, according 

to the same formulas (6)–(10). In this case:

f (0) – is the current value of the grid node coordinates at 

the corresponding � and �;

f (–�); f (–2����f (–3�) – are the values of the coordinates 

of the previous grid nodes at the corresponding � and��;

f (�); f (2����f (3�) – are the values of the coordinates of 

the subsequent grid nodes at the corresponding � and �.

Results and analysis

For technological calculations, the incompressibility 

condition (R = 1) is usually calculated. The change in the 

infinitesimal volume of a particle (R-1) can be expressed 

through the determinant of the matrix (11), the components 

of which are the derivatives of the Eulerian coordinates with 

respect to the Lagrangian coordinates [13]:

 

 
(11)

The condition R-1=0 makes it possible to quantitatively 

estimate the error of the initial information when measuring 

the grid coordinates and determining the derivatives using 

equations (6)–(10) at each point of the particle trajectory 

(Fig. 2). In all figures, the numbers indicate the correspond-

ing Lagrangian coordinates of the particle trajectories.

The particle displacement velocities within the workpiece 

volume were determined using equations (7)–(11). Graphs 

of the relative velocities y t / V0 , x t / V0  are presented for 

plane upsetting in Fig. 3. The course of the displacement 

velocity curves, by the nature of their distribution, can serve 

as an assessment of the logical consistency of the obtained 

characteristics.

The vertical displacement velocity (y t , z t ) is charac-

terized by a more uniform velocity distribution. Moreover, 

the values of y t  and z t  in the center and at the contact can 

serve as a guideline for the correctness of the calculations. 

Thus, during plane upsetting on a stationary tool surface, 

the ratio y t / v0  is equal to 0. In the center of the specimens, 

y t / v0 = 0,5, and on the movable plate, y t / v0 = 1, which is 

confirmed by the calculation (Fig. 3 a, b). The same is typical 

for axisymmetric upsetting.

The trend of the curves for x t / v0 and � t / v0 is similar 

for both processes. The minimum values of x t  and � t on the 

stationary contact surface are 0 (x t = � t = 0). The curves 

increase monotonically when moving towards the horizontal 

plane of symmetry. The maximum value of the horizontal 

displacement velocity is achieved on the lateral surface at the 

point of intersection with the horizontal plane of symmetry.

Presented below are the formulas for calculating the 

invariants [9] that characterize plastic deformation, which 

include: e – average strain (12); Г 2 – root-mean-square 

change in the dimensions of the edges of a parallelepiped 

of an infinitesimal volume of particles (13); Г 2– equivalent 

strain (14):  

 (12)

 
Г 2 = (e����e)2����e����e����e	���e��

Г 2 = 3e2 + Г 2

Plastic deformation is absent if these invariants take the 

following values: ep =1; R = 1; Г 2 = 0

An important characteristic for determining the quality 

of the finished product is the invariant quantity – the shear 

strain rate, Se. Fig. 4 (a, b) shows the distribution of Se over the 

volume of the specimen for PSU with a strain degree of � = 

5.8 % and � = 50 %, respectively. Studies were also conduct-

ed for ASU with strain degrees of � = 17.4 % and � = 33 %,  

respectively.
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Figure 2 – Relative change in the volume of particles (R-1) 
during plane upsetting of lead specimens

The values of (R -1) in most cases fall within the interval 

of +0.1 and –0.15, which corresponds to a volume change 

of no more than +10 % and no less than –15 %. This allows 

us to note that the methods for determining trajectories for 

upsetting processes are quite satisfactory.

Fig. 3. Components of particle velocity for the last stage of upsetting �h/H0=50 %:  
a – y t / v0; b – x t / v0
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As can be seen from the graphs in Fig. 4, the nature of 

the Se distribution in the volume of the specimens for PSU 

and ASU is the same and is practically independent of the 

strain degree. The shear strain intensity �e was obtained by 

integrating the increment of the strain rate intensity along the 

trajectory (15). The accumulated strain �e (Odqvist param-

eter) is related to the work of external forces at the contact 

and is presented in Fig. 5.

 
(15)

A comparison of the strain and strain rate diagrams 

throughout the entire volume reveals a sharply heteroge-

neous pattern and confirms the possibility of modeling the 

deformed state for steel using lead. The heterogeneity in the 

distribution of strain intensity and strain rate intensity de-

Fig. 4. Influence of the strain degree � = �h/Н0 on the distribution of Se during upsetting of lead specimens: a – PSU, � = 5.8 %; 

b – PSU, � = 50 %
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pends on contact friction. At maximum and minimum con-

tact friction, the values of �e and Se for the center of the speci-

mens differ by a factor of 1.5 (for ASU) and by a factor of 2 (for 

PSU). As the reduction increases, the difference between the 

values of these quantities for ASU and PSU decreases. Overall, 

the obtained results are characteristic of PSU and ASU pro-

cesses and correlate with other experimental data.

The proposed method made it possible to calculate the 

deformation parameters (strain intensity �e) within the vol-

ume of parts obtained during the forging of a gear (made of 

40Kh (41Cr4) steel). One can see in Fig. 6 the pronounced 

heterogeneity of the deformed state, which makes it possible 

to predict defects in forgings such as cracks, as well as the 

processes of structure formation and other product quality 

parameters [10]. 

Fig. 5. Distribution of �e in the volume with an upsetting value of � = 40 % for a lead specimen under ASU (a), a steel 
specimen under ASU (b), and an aluminum alloy specimen 40Kh (41Cr4) under PSU (c)
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Fig. 6. Photograph of a gear forging with a diameter of 155 mm and a height of 62 mm (a) 
and the distribution of shear strain intensity �e within the volume of the forging (b)

a b
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Conclusions

Equations have been proposed for calculating the de-

rivatives of Eulerian coordinates with respect to Lagrangian 

coordinates and time, which form the analytical basis for 

determining the complete set of kinematic invariant char-

acteristics of any plastic deformation process. It has been 

established that the shear strain intensity �e, being an energy 

measure, requires consideration of the loading history, which 

is correctly implemented when using Lagrangian coordinates 

in the equations of particle motion. The application of the 

Lagrangian approach opens up the possibility of using the 

superposition method for the kinematic analysis of combined 

metal forming processes (e.g., screw rolling).

Based on this methodology, it becomes possible to pre-

dict the structural and mechanical characteristics of steel, 

including grain size heterogeneity, plasticity resource, and 

local thermal effects in particles.

It is also applicable for modeling combined metal form-

ing processes that require consideration of the superposi-

tion of heterogeneous deformation fields, which significantly  

increases the accuracy of forecasting and the optimization 

of technological parameters.

The results of the conducted research can be applied in 

the development of technological processing modes for new 

materials at ferrous metallurgy enterprises. In particular, they 

are relevant for longitudinal and screw rolling shops, as well 

as for forging and stamping processes at enterprises such as 

JSC “VMZ,” JSC “VTZ,” JSC “VrTZ,” JSC “ChTPZ,” 

JSC “ITZ,” JSC “ZTZ,” PJSC “MMK,” and others.

The developed method for calculating deformation pa-

rameters in metal forming serves as an effective alternative 

to expensive commercial simulation software packages (such 

as QForm and Deform) or extends their functionality as a 

subroutine. The application of this method reduces eco-

nomic and time costs due to optimized algorithms, ensuring 

high simulation accuracy and reducing production prepara- 

tion time.
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