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Introduction

One of the widespread methods of underground mining is the room-and-

pillar mining system. This system provides maintenance of overlying strata by 

load-bearing elements of various sizes [1–4]. Mining operations are carried out 

at the Verkhnekamskoe (Upper Kama) salt deposit (VKSD) with some productive 

rocks left in the form of rib pillars supporting the overlying rock strata. The 

stability of the rib pillars directly relates to the safety of the water-protective 

layer that separates the aquifer from the mined-out space of the mine. A breach 

in the continuity of the water-protective layer leads to the breakthrough of 

fresh water into the mine workings, to intense dissolution of salt rocks and to 

ultimately flooding of the mine with enormous socio-economic consequences.

In accordance with current regulatory documents [5, 6], the calculation 

of the loading degree of rib pillars at VKSD is based on the Turner–Shevyakov 

method [7, 8]. According to this method, the loading degree is determined by 

the ratio of the load acting on a pillar to its bearing capacity. In this case, the 

load on a pillar is determined by the weight of rock mass above it, and the 

bearing capacity depends on the shape of the pillar, the strength of the rocks, 

and several other geological factors that are specific to the deposit:
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when ξ  is the coefficient taking into account the change in the load on the 

pillars due to the influence of various mining factors; γ  is the specific weight, 

N/m3; 
0

H  is the maximum distance between the ground surface and the 

roof of the chamber, m, m; a is the width of chambers; b  is the width of 

rib pillars, m; 
f

k  is the pillar shape coefficient; σ
m

 is the strength of rocks, 

Pa; ⎡ ⎤⎣ ⎦,С C  is the calculated and permissible loading degree on the rib pillar, 

respectively. Engineering relation (1), in accordance with the limitations of 

the Turner-Shevyakov approach, can be used for relatively simple development 

conditions: subhorizontal occurrence of productive strata, canonical geometry 

of pillars, periodic regular system of their arrangement, etc. At the same time, 

this ratio disregards the nature of stress distribution in the pillar volume.

Using multivariate mathematical modeling methods, it has been shown 

in [9] that the degree of loading on the rib pillar can be calculated by 

determining the maximum normalized stress intensity *K , which is achieved 

in each vertical section of the pillar:

≈ *С K ,  (2)

when 
σ

=
σ

* i

comp

K  is the normalized stress intensity; ( )σσ =
2

3
i

I D  is stress 

intensity, Pa; ( )σ2
I D  is the second invariant of the stress tensor deviator  

σD , Pa2; σ
comp

 is the uniaxial compressive strength of rock, Pa. The established 

correspondence in the form of a ratio (2) is fundamental for calculating the 

degree of loading on rib pillars, as it reflects the stress state of these pillars, 

which is caused by a variety of geological and geotechnical conditions in the 

room-and-pillar mining system. So, using mathematical modelling methods 

based on equation (2), the estimates were obtained for changes in the bearing 

capacity of rib pillars, taking into account destruction of the technological 

interlayer [10], as well as changes in loading of pillars over time [11].

In order to simplify the procedure for assessing the degree of 

loading of rib pillars, including mining conditions uncovered by the Turner–

Shevyakov method, a new relationship was proposed based on the results 

of mathematical modeling in [12]. This relationship establishes a linear 

correlation between the normalized value of stress intensity determined 

at the central point of a pillar and the degree of load calculated using the 

Turner–Shevyakov method:

≈ ⋅ −*1.05 0.1
c

С K ,  (3)

where *

c
K  — is the normalized stress intensity determined at the central 

point of the pillar. Relation (3), in particular, is used to analyze the loading 

degree of a pillar during mining of two productive layers with coaxial and non-

coaxial arrangement of chambers [12].

Another factor influencing the bearing capacity of rib pillars is jointing in 

the peripheral parts of the pillars, caused by the redistribution of rock pressure 

during excavation of adjacent chambers. Jointing causes delamination and 

exfoliation of rocks in the marginal part of the pillar, up to its collapse. From the 

point of view of the rib pillar mechanical behavior, the presence of discontinuity 

zones in the marginal part leads to a local decrease in mechanical properties and 

to the change in the stress–strain behavior of the entire pillar. As a confirming 

example, Figure 1 shows the measurement results of the deformation modulus 

across the width of rib pillar No. 2 in Block I of the Gremyachaya potassium salt 

mine [13]. The measurements were carried out using a hydraulic jack with a 

step of 0.3 meters according to the method described in work [14].

It can be seen from the figure that in the marginal zones of the pillar, 

there is a decrease in the deformation modulus by 15–20%, caused by the 

presence of jointed rock zones. The size of these zones is 0.6 m, which is 

26% of the width of the pillar. It follows from the given example that the 

presented factor cannot be classified as insignificant and its consideration 

when assessing the bearing capacity of rib pillars is an urgent task.
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Fig. 1. Deformation modulus in rib pillar No. 2 [13] (red line—average value) 

This article is devoted to the study of the influence exerted by a decrease 

in mechanical properties on the stress–strain behavior and on the bearing 

capacity of a rib pillar, with its various proportions (pillar shape factor), in 

case of the varying effective pressure.

Inclusion of elastic moduli reduction in assessment  

of bearing capacity of rib pillars

Relationship (3), which determines the loading degree of the rib pillar, 

operates only with force characteristics (stress and uniaxial compression 

strength), which are actually insensitive to changes in the mechanical properties 

of the pillar rock. This approaches proposes an approach that takes into account:

• The reduction of the uniaxial compression strength σ
comp

 with 

a decrease in elastic moduli and 

• the nature of deformation state of the rib pillar.

In order to study the effect of a decrease in elastic moduli on the uniaxial 

compression strength σ
comp

, we reviewed the Russian and foreign scientific 

literature devoted to the construction of phenomenological relationships 

between the ultimate strength and Young’s modulus of rock. Table presents 

expressions for different types of rocks. It is evident that dependencies have 

both linear and exponential forms.

The choice of a suitable relation for VKSD was based on the assumption 

that the same dependences apply to the tangential deformation modulus yD .  

A comparison was made between the predicted values of the compression 

strength σ
comp

 or the tangential deformation modulus yD  with the properties 

of sylvinite from productive stratum Kr II, which are rated in regulatory 

documents: σ0

comp
=23 MPa and 

0

yD  = 1.1 GPa. 

The most suitable phenomenological relationship was found to be 

expression (7), which was obtained during testing of dolomites. According 

to it, the relative error of the uniaxial compression strength assessment in 

VKSD sylvinite does not exceed 12%. In the subsequent numerical modeling, 

in order to take into account the decrease in the compression strength 

with a decrease in the tangential deformation modulus, relation (7) was 

corrected with respect to the error of the initial (regulatory) values:

Phenomenological relationships between compression strength 

and Young’s modulus of rock 

N Phenomenological relationship ( )⋅/ /comp compE E 0

0
σσ σ Rock type 

1 ( )= σ + ⋅ 5226 1.22 10 98066.5
comp

E 15.6 sandstone [15]

2 = σ455
comp

E 9.51 iron ore [16]

3 ( )= σ + ⋅ 5395 0.044 10 98066.5
comp

E 8.3 coal [17]

4 σ = +2.28 4.1089
comp

E 1.18 sandstone [18]

5 σ = 0.917.97
comp

E 0.37 shale [18]

6 σ = 0.5113.8
comp

E 0.63 limestone [18]

7 σ = 0.3425.1
comp

E 1.12 dolomite [18]

8 σ =
+

122.11

39.37
comp

E

E
0.14 limestone [19]

9 σ = 0.0084
comp

E 0.4 sandstone [20]
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( )σ = − σ0.34 025.1 0.12y y

comp comp
D D ,   (4)

where σcomp  is the current uniaxial compressive strength at the tangential 

deformation modulus yD ; σ =0 23 MPa
comp  is the standard value of the 

compression strength for VKSD sylvinite.

We modify the (3) to take into account the nature of deformation state 

of the rib pillar, supplementing it with the normalized deformation intensity:

( ) ( )
σε

⎛ ⎞σ ε
= −⎜ ⎟⎜ ⎟σ ε⎝ ⎠

1

2

0 0
1.05 0.1

y y

i i

comp comp

D D
С , (5)

where ( )εε =
2i
I D  is the strain intensity; ( )σ2

I D  is the second invariant of the 

stain tensor deviator εD ; ε
comp

 is the limit compression strain determined from 

the equality σε =С С  of the loading degrees calculated for an undamaged pillar. The 

advantage of relation (5) is that, when determining the loading degree of a pillar, 

it considers both the intensity of stresses and the intensity of strain at its center. 

The final relation for the degree of rib pillar loading 
all

С , taking into account 

the decrease in aggregate strength of rock with the decrease in the tangential 

deformation modulus and the nature of the pillar deformation, with regard to (4) 

and (5), is given by: 

( ) ( )
( ) ( )

( )
( ) ( ) ( )

( )

⎧
⎛ ⎞σ ε⎪

= −⎜ ⎟⎪ ⎜ ⎟σ ε⎝ ⎠⎪
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y
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 (6)

where D y is the effective tangential deformation modulus of a pillar; �comp(D y), 

�comp(D y) are the current compression strength and compression strain dependent 

on the effective deformation modulus; 
( )
( )

ε

σ
0

0

y

i

y

i

D

D
 is the ratio of the strain and stress 

intensity at the central point of an intact pillar, calculated for a given geometry and loading 

conditions. The use of relation (6) to calculate the loading degree of pillars in specific 

mining and geological conditions requires determining the dependence of the tangential 

deformation modulus reduction on the magnitude of the effective rock pressure.

Experimental dependence of elastic moduli  

on maximum applied stress in sylvinite

To correlate the elastic properties of sylvinite and the level of stress, including 

the stage of crack initiation, a series of tests were conducted on sylvinite subjected 

to cyclic uniaxial compression. A batch of cubic sylvinite samples made from rocks 

of productive strata Kr II consisted of five specimens with an edge size of ±20 2  

mm. The non-parallelism of the edges dID not exceed 40 �m. The selected sample 

size relates to the possibility of studying the evolution of their internal structure 

using X-ray computed tomography during successive sample loading cycles. The 

description of the research results is outside the scope of this article. The tests 

were carried out on a Zwick Z250 electromechanical press in the stiff loading mode 

with a crosshead movement speed of 0.05 mm/min. The experiments were carried 

out until complete destruction, i.e. loss of the load-bearing capacity of the samples. 

The number of cycles before failure ranged from 6 to 9 from sample to sample. 

Based on the results of the compression experiment, the tangential deformation 

modulus D y of sylvinite was determined in each cycle using the method from [21]. 

Before determining the tangential deformation modulus, the stress–strain curve 

was adjusted for the stiffness of the testing machine.

Due to the variability in the elastic properties of sylvinite samples, caused 

by different mineral compositions and by the presence of clay materials, the 

dependences of the normalized tangential deformation modulus yD  on the maximum 

applied stress in a cycle were constructed. The modulus determined for each 

loading–unloading cycle was normalized to the value of the tangential deformation 

0

yD  determined in the first cycle for each sample. The general dependence of the 

normalized tangential deformation modulus 
0

/y yD D  on the maximum applied stress 

in a cycle is illustrated in Fig. 2a. It is clear from the figure that the generalized 

experimental dependence of the tangential deformation modulus of sylvinite on the 

maximum applied stress in each cycle shows a little variation between samples 

within each cycle, and can be described using a single analytical function. Based 

on the experimental dependence, an approximation was constructed taking into 

account that the normalized tangential deformation modulus 
0

/y yD D  is equal to 

one at zero level of the applied stress, and is equal to zero at the value of the applied 

stress corresponding to the regulatory compression strength σ =0 23MPa
comp

:

( ) ( )( )= σ = − σ − −
1 max max

0

2.33 0.83cosh 0.07 0.74 13.17
y

y

D
f

D

( )( )− + σ0.83sinh 0.07 2.4 0.74
max

, (7)

where σmax  is the maximum axial stress in a cycle. The graphical 

representation of constructed approximation function (7) is shown in Fig. 2b. 

In [22–24], the experimental study of changes in the elastic properties 

of rocks under different types of loading shows that the accumulation of 

damage (microcracks) leads not only to a decrease in the elastic modulus 

but also to an increase in Poisson’s ratio. Following continuum mechanics of 

damage, the correction for Poisson’s ratio can be found from the condition 

of constancy of the first Lame parameter with regard to (7):

( ) ( ) ( )( )ν ⎛ ⎞= σ = σ η− ν + ν + ν − σ η⎜ ⎟⎝ ⎠ν ν
2

2

2 max 1 max 0 0 0 1 max2

0 0

1
8

4
f f f , (8)

where ( )η = ν + ν −2

0 0
2 1 ; ν0  is initial (regulatory) Poisson’s ratio of 

sylvinite. The graphical representation of constructed approximation function 

(8) is shown in Fig. 2b.

Thus, as a result of a series of experiments on cyclic uniaxial compression 

of sylvinite cubes, the approximations of the dependences of the elastic 

moduli (tangential deformation modulus and Poisson’s ratio) on the maximum 

applied stress in a cycle were obtained.

                                                          a                                                                                                                            b 

                      
Fig. 2. Experimental dependence of normalized tangential deformation modulus D y/ D y

0
 of red sylvinite on maximum applied stress per cycle (a) and approximations 

of normalized elastic moduli based on it (b)
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Numerical stress–strain modeling of pillar  

with regard to changes in elastic moduli

Problem formulation 

The assessment of the effect of sylvinite jointing on the level of pillar 

loading was based on the mathematical stress–strain modeling of the pillar 

at various parameters of the model. The basic calculation scheme is shown 

in Fig. 3. The mathematical modeling was carried out in plane deformation 

state. We consider a pillar between two chambers cut by Ural-20R shearer 

and having a fixed size: mineable height =
0

5 mm  m, the width = 5.1ma . 

The depth to the roof of the chambers is =
0

363 mH . The width of the pillar 

was varied as 3.75, 5, 7.5 and 10 m, which corresponded to the pillar shape 

factors 	 (the ratio of width to height) of 0.75, 1, 1.5 and 2. 

At the upper boundary of the calculation domain and at the boundaries of 

the chambers, the condition of stress-free was set, while at the lateral and 

lower boundaries of the massif, no displacements were allowed normal to 

the boundaries. The entire computational domain is subjected to gravitational 

stresses. The effective pressure on the pillar in the calculations varied in the 

range from = γ
1 0

P H  (the pressure of the overlying rock mass in case of 

only two chambers) to 
+

γ
0

a b
H

b
 (the condition of complete undermining), 

where 
 is the bulk density of rock, b is the width of the pillar and a is width 

of a chamber.

The numerical stress–strain modeling of the rib pillar was carried out 

using the finite element method in the commercial COMSOL Multiphysics 

package. The calculation domain was divided into triangular finite elements with 

condensation towards the pillar, at a minimum finite element size of b/1200. 

The following values of material parameters were adopted for the calculations:

• sylvinite density ρ = 2200 m3/kg;

• the tangential deformation modulus is a function of the maximum 

principal stress σ1, ( )= σ
1 1 0

y yD f D , when =
0

1.1yD  GPa, a function ( )σ1 1
f  

is determined by relation (7);

• Poisson’s ratio is given by the dependence ( )ν = σ ν
2 1 0
f , when ν

0 
= 0.3, 

a function ( )σ2 1
f  is determined by relation (8).

Modeling results

Figure 4a shows the dependence of the effective tangential modulus of 

deformation at the central point of the pillar (point A1) on the value of the 

effective pressure in relative units. The dependencies show how the tangential 

deformation modulus at the point A1 decreases at a given level of the effective 

pressure and for a given pillar geometry, relative to the initial (regulatory) 

value 
0

yD . It is clear from the figure that the greatest change in the tangential 

deformation modulus occurs for the narrowest pillar (	 = 0.75) and under 

conditions of complete undermining. The value of this change is 22.4%. For 

wide pillars (	>1), the relative change in the tangential modulus does not 

exceed 6%. Similar dependencies are constructed for effective Poisson’s ratio 

(Fig. 4b). The maximum change in Poisson’s ratio is 10.5% and occurs for 

the narrowest pillar at the maximum effective pressure. For wide pillars, the 

change in Poisson’s ratio does not exceed 3%. Thus, the obtained results 

allow concluding that the change in the elastic moduli caused by jointing of salt 

rocks is insignificant in the case of pillars with a shape factor 	�> 1.

Figure 5 shows the dependence of the horizontal convergence in a 

chamber (horizontal displacement of the central point A2, see Fig. 3) on the 

effective pressure for various pillar sizes. The relative values of convergence 

(Fig. 5b) determine how much the displacement of the side wall is greater 

when taking into account the change in elastic modulus than when elastic 

properties are constant. It can be seen from the figure that, despite the 

horizontal convergence from 15 to 22 cm depending on the pillar width 

(Fig. 5a), the difference from the calculation with the regulatory properties 

varies between 2 and 7.5 cm (Fig. 5b). The correction to the horizontal 

convergence of the pillar, taking into account jointing of rock in relation to 

the original width of the pillar, varies within the range from 0.02% to 0.2%.

Relations (6) and the results of multiparameter numerical modeling of 

the stress–strain behavior of the pillar were used to calculate the loading 

degree of the pillar with regard to jointing of salt rocks (the dependence 

of the elastic and strength properties on the current maximum principal 

stress). First, for the central point A1 in the pillar, the effective compression 

strength σ
comp

 is calculated (relation (6.2)), based on the effective tangential 

Fig. 3. Basic calculation scheme

                                                        a                                                                                                                               b

      

Fig. 4. Effective tangential deformation modulus (a) and Poisson’s ratio (b) at the pillar center as function of effective pressure for various pillar shape factors 
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deformation modulus yD  and on the standard uniaxial compression strength 

value σ =0 23 MPa
comp

. Next, based on the results of the elastic calculation 

(with constant elastic moduli) and the effective compression strength, the 

compression strain ( )ε y

comp
D  is calculated (equation (6.3)). As a result, the 

limit values of σ
comp

 and ε
comp

 for the given pillar width and effective pressure 

are used to calculate the loading degree on the rib pillar, Call (equation (6.1)). 

Figure 6 shows the obtained dependencies of the pillar loading degree 

with a without regard to sat rock jointing, Call and (C), respectively, on the 

effective pressure for different shape factors 	 of the pillars. 

The rib pillars with a shape factor greater than one are characterized by small 

changes in the loading degree even under conditions of complete undermining, both 

without regard to cracks in rocks (solID lines in Fig. 6a) and with regard to them (dashed 

lines in Fig. 6b). The magnitude of the loading degree Call at�	=2 and�	=1.5 is greater 

than the loading degree C by no more than 4.8% and 8%, respectively (Fig. 6b).

The situation is different for 	 � 1. In the case of rib pillars with square cross-

sections (	 = 1), the estimated loading degree differs by 16.5% based on relations 

(6) and (3). Inclusion of jointing of salt rocks in the calculation leads to an increase 

in the loading degree of the pillar from 0.36 to 0.41 (Fig. 6a) for the conditions of 

complete undermining (maximum effective pressure). For narrow pillars (	=0.75), 

the difference between the values of Call and C varies from 8% at the minimum to 

28% at the maximum effective pressure. In this case, under conditions of complete 

undermining, the loading degree of a narrow pillar ranges from 0.5 (without regard 

to salt rock jointing) to 0.63 (with regard to salt rock jointing).

Conclusions

The article proposes a modification to the calculation of the loading degree of 

rib pillars taking into account salt rocks jointing caused by partial unloading of rock 

mass during excavation of the stope. It is assumed that the presence of weakened 

zones in the perimeter of the pillar leads to a decrease in its bearing capacity.

The modified ratio of the loading degree of pillars takes into account the 

following parameters: intensity of stresses and strains, uniaxial compression 

strength and compression strain of rocks. Each of these parameters depends on the 

effective elastic moduli of salt rock. The reduction of these, in turn, depends on the 

magnitude of the maximum principal stress. To establish the dependence of elastic 

moduli on the maximum applied stress, a series of experiments were carried out on 

cyclic uniaxial compression of cubic sylvinite samples. It is shown that the change 

in the normalized tangential deformation modulus for all tested samples, with an 

increase in the maximum applied stress from cycle to cycle, can be approximated by 

a single curve. As a result of the analysis, an approximation to this dependence by a 

linear combination of hyperbolic functions was proposed. From the condition of the 

constancy of the first Lame parameter, the dependence was found for normalized 

Poisson’s ratio of sylvinite on the value of the maximum applied stress.

In order to determine the phenomenological dependence of the uniaxial 

compression strength sylvinite on its Young’s modulus, the review of the Russian 

and foreign literature was conducted. As a result, based on the regulatory values 

of Young’s modulus and the uniaxial compression strength, the correlation was 

selected that satisfies VKSD sylvinite. It should be noted that a separate task is 

to clarify this phenomenological dependence based on the analysis of the existing 

database on the elastic and strength properties of VKSD salt rocks.

The modified equation for calculating the loading degree of rib pillars was 

tested using the results of mathematical stress–strain modeling of rib pillars, 

both with and without regard to the dependence of the elastic moduli on the 

maximum principal stress values. The calculation scheme is designed for the 

conditions of productive strata Kr II. Multivariate modeling is carried out for 

pillars of different shapes at different levels of effective pressure.

As a result of the conducted multiparameter calculations, it is found out 

that taking into account the jointing has the greatest influence on the bearing 

capacity of pillars with a shape factor 	 � 1 under conditions of complete 

undermining. Thus, in the case of a pillar with 	=0.75, the degree of its loading 

will change from 0.5 (with no regard to jointing) to 0.63 (with regard to jointing). 

This corresponds to an increase of 26% in the loading degree. In this case, 

the change in the tangential modulus of deformation and Poisson’s ratio at the 

central point of this pillar was 22.4% and 10.5%, respectively. The proposed 

ratio for determining the loading degree of a rib pillar, considering the decrease 

                                                              a                                                                                                                                    b

        

Fig. 5. Horizontal convergence of pillar versus effective pressure for different shape factors (absolute values (a), relative change (b))

                                                              a                                                                                                                                    b

       

Fig. 6. Pillar loading degree Call (relation (6)) and C (relation (3)) (a) and their ratio Call /C (b) versus effective pressure calculated for different shape factors λ
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in aggregate rock strength with a decrease in the elastic moduli and the nature 

of its deformation, can be used to develop a method for assessing the current 

bearing capacity based on instrumental measurements of elastic modulus profiles 

along the thickness of the pillar.
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DETERMINATION OF THE EXCAVATION BLOCK 

BOTTOM STRUCTURE PARAMETERS USING FINITE 

ELEMENT NUMERICAL METHOD STABILITY ANALYSIS

 The future of underground exploitation is reflected in the increase of the depth at which 
it takes place, considering that deposits at lower depths are mostly exploited. The increase in 
depth represents a challenge in mine design, because the increase in depth is accompanied 
by more difficult mining conditions. Also, one of the characteristics of underground exploitation 
in past years is the constant reduction of ore grades. That is the reason why caving methods 
take an important place in present mining. To provide safety mining environment using caving 
methods at greater depths it is necessary to ensure the stability of the excavation blocks. This 
can be achieved by selecting the optimal parameters of the excavation blocks and the proper 
construction of the bottom structure of the excavation blocks. In this paper, an analysis of the 
stability of the facilities at the bottom structure of excavation block was performed. The results 
of the numerical finite element analysis of the stress-strain state show that with proper bottom 
structure construction of the excavation block and with an appropriate layout of the loading 
chambers and drifts, satisfying stability can be achieved which ensures safety working conditions.

Keywords: underground mining, mining methods, stability analysis, numerical methods, 
excavations, bottom structure, stresses 
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Introduction

In the most of ore deposits at shallower depths, with high grade 

ores, the exploitation has been completed or is in the final phase, so 

the main characteristic of underground exploitation all over the world 

is the increasing of excavation depth with lower grades ore. Increasing 

of exploitation depth is accompanied by deterioration in the operating 

conditions: a change in the physical and mechanical properties of 

rocks, an increase in the temperature of geological environment, 

steady rock pressure rise in workings and its manifestation [1]. 

Even in such conditions, achieving a positive economic result in order 

to enable the profitability exploitation, are being strived. Making 

a profit with the lowest possible production costs is one of the 

primary goals of exploitation [2]. This is the reason why there is an 

inevitable need to reduce the costs of exploitation and obtaining ore 

by investing in the development of new technologies, modernization 

of infrastructure, optimization and better organization of production 


